Abstract-Knowledge of the global architecture of the cell nucleus and the spatial organization of genome is critical for understanding gene expression and nuclear function. Singlecell imaging techniques provide a wealth of information on the spatial organization of chromosomes. Computational tools for modelling chromosome structure have broad implications in studying the effect of cell nucleus on higher-order genome organization. Here we describe a multichromosome constrained selfavoiding chromatin model for studying ensembles of genome structural models of budding yeast nucleus. We successfully generated a large number of model genomes of yeast with appropriate chromatin fiber diameter, persistence length, and excluded volume under spatial confinement. By incorporating details of the constraints from single-cell imaging studies, our method can model the budding yeast genome realistically. The model developed here provides a general computational framework for studying the overall architecture of budding yeast genome.
I. INTRODUCTION
Nucleus is the control center of the cell. Properties and organization of the nucleus are important determinants of the behavior of a cell. Understanding how chromosomes are organized in the cell nucleus and the effect of nuclear structures on genome organization are essential for gaining insights into the mechanism of gene activities, nuclear functions, and maintenance of cellular epigenetic state [1] .
Single-cell imaging techniques provide a wealth of information about the organization of genome and nuclear structures in budding yeast nucleus. The spatial clustering of certain genomic elements is a key property of budding yeast nucleus. For example, telomeres are anchored to the nuclear envelope through protein factors [2] , [3] , [4] , [5] , and centromeres are clustered adjacent to the spindle pole body (SPB) [6] . Morever, ribosomal DNA (rDNA) repeats are located in the sub-nuclear compartment called nucleolus [7] , [8] , [9] , where rDNA transcription takes place [7] , [9] , [10] , [5] , [11] .
Computational modelling of chromosomes has become increasingly important for understanding spatial organization of cell nucleus and mechanism of gene regulation. A number *This work was supported by NIH Grants GM079804, GM086145 and NSF Grants DBI 1062328 and DMS-0800257. This work was also funded by the Chicago Biomedical Consortium with support from the Searle Funds at The Chicago Community Trust 1 G. [12] , [13] . A useful approach is to recapitulate important folding features of yeast genome using only a minimum number of experimental constraints from singlecell imaging data [13] . In a previous study, the problem is formulated as that of an optimization of finding a 3D genome model satisfying all of the given minimum constraints [13] . Solution was obtained using a psuedo energy function [13] . This approach was very successful in reproducing some of the known experimental facts of yeast genome based on population properties of model chains [13] . However, deriving an optimal solution that satisfies all the constraints is extremely difficult.
Here we describe a novel model of multichromosome constrained self-avoiding chromatin by sequentially growing independent ensembles of multiple interacting chromatin chains that satisfy the experimental constraints, with the goal to recapitulate the genome organization in budding yeast genome and to predict important interactions that have not been captured experimentally. Our results successfully reproduced a number of hallmarks of the genome organization in budding yeast nucleus, such as telomere and centromere co-localization in details.
II. MODELS AND METHODS

A. Polymer model and physical properties
The architecture of budding yeast nucleus consists of the spindle pole body, the nuclear envelope, the nucleolus, and 16 chromosomes [13] . The nucleus diameter is ∼2 µm [16] , [10] , [17] , [15] . Imaging experiments showed that the SPB and nucleolus are located at opposite ends of the nucleus (Fig. 1) [10] .
In our model, a chromatin fiber is modeled as a selfavoiding polymer chain consisting of beads in accordance with previous studies [18] . Each bead has a diameter of 30 nm [19] , [20] , and corresponds to 3 kb of DNA [21] , [22] . Every 5 beads form a persistent unit, and correspond to a persistence length L p of ∼ 150 nm [22] . The entire budding yeast genome is represented by a total of 800L p , which are divided into 16 different chromosomes.
B. Chain growth by Geometrical Sequential Importance Sampling (GSIS)
The chromosome chains of the yeast genome in threedimensional space are generated by a chain growth approach [23] , [24] . The location of centeromeres and telomeres are mapped onto polymer chains according to their genomic locations. Each chromosome is divided into two chains from their centromeres as left arm and right arm. If a chromosomal arm chain consists of n persistence units, with the location of the i-th persistence unit denoted as x i = (a i , b i , c i ) ∈ R 3 , the configuration x of a full chromosomal arm chain with n persistence units is:
To generate a chromosomal arm, we grow the chain one persistence unit at a time, ensuring the self avoiding property along the way, namely, x i = x j for all i = j. We use a k = 640-state off-lattice discrete model (see [23] , [24] , [25] for more details). The new persistence unit added to a partial chain is placed at x t+1 , which is a persistence length L p distance away from current persistence unit located at x t . x t+1 is taken from one of the unoccupied k-sites neighboring x t with a probability of growth g(x) according to their distance to the target experimental constraints. This selection introduce bias for sampling from the target distribution π(x), we therefore keep track of the bias and assign each successfully generated genome a proper weight w(x) = π(x)/g(x). Details can be found in references [23] , [24] , [25] . During the chain generation process, we randomly choose a chromosomal arm, place its corresponding centromere to a random location in the SPB and grow the chain towards the target constraint. We repeat this process until all 32 chromosomal arms are completely generated.
C. Target distribution and geometrical constraints
The first persistence unit of each chromosomal arms (centromeres) are randomly attached to any location in the SPB. Each partial chromosomal arm x t is grown from centromeres according to the target distribution π(x t ) based on the geometrical constraints derived from experimental data. During the growth process, (i) violation of self-avoiding property, (ii) violation of non-rDNA elements being located in nucleolus, and (ii) violation of any persistence units being located outside of nucleus are not allowed. The target distribution π(x) is the Boltzmann distribution of all chromosome chains that satisfy the experimental constraints within the given confinement. The target distribution π(x t ) of a partial chain follows Boltzmann distribution as
is the distance between the persistence unit t and the nuclear envelope if t is a telemore. d t−target is the distance between the persistence unit t and the nucleous if t contains rDNA repeat. α is a constant and k B is the Bolztmann factor.
D. Growth function
Since it is impossible to sample multiple chains that satisfy the constraints with a random growth scheme, biasing the chain growth at each persistence unit that is not constrained with a designed probability of selecting an unoccupied site according to our growth function. For a persistence unit t, which is not the telomere or an rDNA repeat, the probability of growth from the position of x t−1 to any unoccupied site k is g(
and u (x t k ) = 0 otherwise. Here, d t k −target is the distance between the candidate position of the t k th persistence unit to a randomly predetermined position on nuclear envelope if the target persistence unit is a telemore. d t k −target is the distance between the candidate position of the t k th persistence unit to a randomly pre-determined position on nucleolus if the target persistence unit is an rDNA repeat. m is the number of persistence units between tth persistence unit and the target. Our algorithm is implemented in C++. 
III. RESULTS AND DISCUSSION
A. Analysis of structural properties of budding yeast genome
We generated an ensemble of ∼200,000 genome structural models and analyzed the average structural properties. The spatial properties of model genomes are compared to the available experimental data. First, we carried out a violation analysis by assessing (i) centromere localization and clustering in the SPB as the experiments suggested [6] , and (ii) inaccessibility of nucleolus to chromosomes, except the regions with rDNA repeats [7] , [8] , [9] . We calculated the spatial positions of all centromeres and the chromosomal units with and without rDNA repeats. Results showed that all the centromeres are indeed clustered in the SPB and only persistence units with rDNA elements are located in the nucleolus (Fig. 2) . These results verify that our model conform with experimental constraints, which were set as important restraints in the beginning of our chain growth procedure.
B. Validation of model predictions
We calculated the frequency of pairwise interactions in our model ensemble and in chromosome conformation capture experiments [12] at 15 kb resolution. The Pearson correlation coefficient is 0.92 between the predicted frequency matrix and the experimentally measured frequency matrix (Fig. 3) . This suggests that physical architecture of yeast genome largely arise from topological constraints of cell nucleus and excluded volume effect. These results are also consistent with our previous work, which suggests that folding landscape of human genome is dictated by confinement of cell nucleus [25] . The problem of recovering the spatial organization of yeast genome with a minimum number of constraints has been studied by Tjong et. al [13] , and a Pearson correlation of 0.94 is obtained at 32 kb resolution. Our correlation is comparable to that of Tjong et. al, but at a higher resolution of 15 kb. In addition, the self-avoiding property of chromatin fiber is enforced in our model, while self-crossing is allowed in Tjong et. al [13] . This result shows that we can recover the overall organization of yeast genome at a higher resolution with a realistic physical model.
We further tested predictions of our model with the available experimental data. We examined (i) inter-vs. intrachromosomal contacts of centromeres, and (ii) telomere clusters. According to chromosome conformation capture experiments [12] , centromeric regions have higher propensity to engage in inter-chromosomal interactions than in intrachromosomal interactions. To test the predictive power of our method, we examined whether a similar pattern is seen in our model genome. We calculated the pairwise distances between persistence units. Our results show that there is a clear pattern in the genome demonstrating that centromeres do not interact with their chromosomal arms (Fig. 4) .
To quantify this finding, we calculated the number of intraand inter-chromosomal contacts that centromeric persistence units engage in by setting the interaction threshold to 200 nm. Our results show that almost all the centromeres engage in more inter-chromosomal interactions than intra-chromosomal interactions (Fig. 4) .
To identify telomere clustering in the model genome, we divided the nuclear envelope into 3D grids as each grid occupies a 0.5 × 0.5 × 0.5 µm 3 volume. We plotted the locations of each telomere in the nuclear envelope (Fig. 5) . We found that there are sub-clusters of telomeres, which are especially densely located in grid 1 and 2 in Fig. 5 . Experiments also showed that inter-chromosomal telemore co-locallization is observed between Chromosome 1 and 9 [26] . Strikingly, we found that telomere of Chr 1 and the telemores of Chr 9 are clustered in the same grid, namely within 0.5 µm of each other. Furthermore, we predicted more intra-and inter-chromosomal telomere subclustering (Fig.  5) . Additional experimental investigations will be fruitful to validate these findings. In summary, predictions on pairwise interaction frequencies, centromere interactions, and telomere clustering are all consistent between our model and known experimental facts. This is achieved without requiring additional biochemical data. Our results show that a few spatial constraints that come from internal architecture of yeast nucleus is sufficient to enable the construction of a three-dimensional structural model of budding yeast genome. Our results suggest that the spatial organization of budding yeast genome is dictated by spatial confinement of cell nucleus and physical localization of nuclear structures such as SPB and nucleolus as suggested by previous studies [13] .
IV. CONCLUSION
Here we present a novel method to realistically model three-dimensional structure of budding yeast genome, which is based on a geometrically constrained chain growth method. These geometrical constraints are derived from the physical architecture of cell nucleus and relative positioning of centromeres, telomeres and rDNA repeats. Our method allows generation of ensemble of model genomes, and results in spatial structural properties of yeast genome are consistent with experimental data.
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